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$\alpha$
Euler ( ) [25].
$Euler-\alpha$ $Navier-Stokes-\alpha$
$\alpha$






$(t\in \mathbb{R}, x\in \mathbb{R}^{2})$ $Euler-\alpha$
$(1-\alpha^{2}\Delta)\partial_{t}u+u\cdot\nabla(1-\alpha^{2}\Delta)u-\alpha^{2}(\nabla u)^{T}\cdot\triangle u=-\nabla p,$ $\nabla\cdot u=0,$ $u(0, x)=u_{0}(x)$ .
Lunasin [24]
$Navier-Stokes-\alpha$ $\alpha$
[2, 21, 22] $\alpha$
[33] Sobolev $H^{m}(\mathbb{R}^{2})$
$\alphaarrow 0$ $L^{\infty}([0, \infty);H^{m})$ Euler
[30]
Euler $Euler-\alpha$ $\alphaarrow 0$




















$\alpha$ $\alpha$ $q(t, x)$ $q=(1-\alpha^{2}\Delta)\nabla^{\perp}\cdot u$
$Euler-\alpha$ $q$





$\alpha$ $q(t, x)$ $N$ $\delta$ ( $\alpha$ )
$n=1,$ $\ldots,$ $N$ $x_{n}(t)=(x_{n}(t), y_{n}(t))\in \mathbb{R}^{2}$ $\Gamma_{n}$
$q(t,x)= \sum_{n=1}^{N}\Gamma_{n}\delta(x-x_{n}(t))$ . (2)
(1) $K^{\alpha}(x)$ [19]:
$K^{\alpha}(x)=- \frac{1}{2\pi}\nabla^{\perp}[\log|x|+K_{0}(\frac{|x|}{\alpha^{2}})].$
(2) $u=K^{\alpha}*q$ $x=x_{m}(t)$ $\alpha$
$\frac{dx_{m}}{dt}=-\frac{1}{2\pi}\sum_{n\neq m}^{N}\Gamma_{n}\frac{y_{m}-y_{n}}{l_{mn}^{2}}B_{K}(\frac{l_{mn}}{\alpha})$ , $\frac{dy_{m}}{dt}=\frac{1}{2\pi}\sum_{n\neq m}^{N}\Gamma_{n}\frac{x_{m}-x_{n}}{l_{mn}^{2}}B_{K}(\frac{l_{mn}}{\alpha}).$ (3)
$l_{mn}=|x_{m}-x_{n}|$ $m$ $n$ $\alpha$ $B_{K}(x)=1-xK_{1}(x)$
$K_{1}(x)$ [35].
(3) $\alpha$ $K_{1}(x)arrow e^{-x},$ $xarrow\infty$
$B_{K}(x)arrow 1$ $\alpha$ $\alphaarrow 0$ Euler










$| \hat{q}(t, \xi)|^{2}=\frac{1}{4\pi^{2}}[\sum_{m=1}^{N}\Gamma_{m}^{2}+2\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}\cos(\xi\cdot(x_{m}-x_{n}))]$ . (4)
$\omega$ $q$ $q=(1-\alpha^{2}\Delta)\omega$ $\hat{q}(t, \xi)=(1+\alpha^{2}\xi^{2})\hat{\omega}(t, \xi)$
$| \hat{\omega}(t, \xi)|^{2}=\frac{1}{4\pi^{2}(1+\alpha^{2}\xi^{2})^{2}}[\sum_{m=1}^{N}\Gamma_{m}^{2}+2\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}\cos(\xi\cdot(x_{m}-x_{n}))]$ . (5)
$\int_{\mathbb{R}^{2}}|\omega(t, \xi)|^{2}d\xi=\int_{0}^{\infty}\int_{-\pi}^{\pi}|\hat{\omega}(t, \xi)|^{2}\xi d\xi d\theta=\int_{0}^{\infty}\pi\xi\langle|\hat{\omega}(t,\xi)|^{2}\rangle d\xi$
$\xi=|\xi|$ $\langle f(\cdot)\rangle=\frac{1}{2\pi}\int_{-\pi}^{\pi}f(\theta)d\theta$ $f(\theta)$ $\theta$
$\mathcal{Z}_{N}^{(\alpha)}(t, \xi)\equiv\frac{\pi\xi}{(1+\alpha^{2}\xi^{2})^{2}}\langle|\hat{q}(t, \xi)|^{2}\rangle=\frac{\xi}{4\pi(1+\alpha^{2}\xi^{2})^{2}}[\sum_{m=1}^{N}\Gamma_{m}^{2}+2\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}J_{0}(\xi l_{mn})].$
$J_{0}(x)$ $0<l\ll 1$ $1\ll L<\infty$









$E^{(\alpha)}(t)=- \frac{1}{2\pi}\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}[\log l_{mn}(t)+K_{0}(\frac{l_{mn}(t)}{\alpha})+\frac{l_{mn}(t)}{2\alpha}K_{1}(\frac{l_{mn}(t)}{\alpha})]$. (8)
$\alpha$ (3) $\alphaarrow 0$ $\alpha$
$X_{m}(t)=(X_{m}(t), Y_{m}(t))$ $L_{mn}(t)$
$X_{m}(t)= \frac{1}{\alpha}x_{m}(\alpha^{2}t)$ , $Y_{m}(t)= \frac{1}{\alpha}y_{m}(\alpha^{2}t)$ , $L_{mn}(t)=|X_{m}(t)-X_{n}(t)|= \frac{1}{\alpha}l_{mn}(\alpha^{2}t)$ . (9)
(3)
$\frac{dX_{m}}{dt}=-\frac{1}{2\pi}\sum_{n\neq m}^{N}\Gamma_{n}\frac{Y_{m}-Y_{n}}{L_{mn}^{2}}B_{K}(L_{mn})$ , $\frac{dY_{m}}{dt}=\frac{1}{2\pi}\sum_{n\neq m}^{N}\Gamma_{n}\frac{X_{m}-X_{n}}{L_{mn}^{2}}B_{K}(L_{mn})$. (10)
$\alpha$ (10) (3)
$\alpha=1$ $X_{m}(t).,$ $Y_{m}(t)$ ,
$L_{mn}(t)$ (3)
$x_{m}(t)=\alpha X_{m}(t/\alpha^{2}) , y_{m}(t)=\alpha Y_{m}(t/\alpha^{2}) , l_{mn}(t)=\alpha L_{mn}(t/\alpha^{2})$ , (11)
$\alphaarrow 0$
$H=H_{0}(t)+H_{1}(t)$ Poisson
$H_{0}(t)=- \frac{1}{2\pi}\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}\logL_{mn}(t)$ , $H_{1}(t)=- \frac{1}{2\pi}\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}K_{0}(L_{mn}(t))$ ,
(12)





$\frac{dZ_{m}^{*}}{dt}=\frac{1}{2\pi i}\sum_{n\neq m}^{N}\frac{\Gamma_{n}}{Z_{m}-Z_{n}}B_{K}(|Z_{m}-Z_{n}|)$, (14)
$\alpha$ $L_{mn}$
$\frac{d}{dt}L_{mn}^{2}=\frac{2}{\pi}\sum_{k\neq m\neq n}^{N}\Gamma_{k}\sigma_{mnk}A_{mnk}(\frac{1}{L_{nk}^{2}}B_{K}(L_{nk})-\frac{1}{L_{km}^{2}}B_{K}(L_{km}))$ . (15)
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$\sigma_{mnk}$ $\alpha$ $X_{m},$ $X_{n},$ $X_{k}$ $m,$ $n,$ $k$




Linear impulse $L$ $I$
$L=Q+ iP=\sum_{m=1}^{N}\Gamma_{m}z_{m},$ $I= \sum_{m=1}^{N}\Gamma_{m}|z_{m}|^{2}$ . (17)
$\alpha$
$\frac{dL}{dt}$ $=$ $\sum_{m=1}^{N}\Gamma_{m}\frac{dZ_{m}}{dt}=-\sum_{m=1}^{N}\Gamma_{m}\sum_{n\neqm}^{N}\frac{\Gamma_{n}}{2\pi i}\frac{1}{Z_{m}^{*}-Z_{n}^{*}}B_{K}(|Z_{m}-Z_{n}|)$
$=$ $- \sum_{m=1}^{N}\sum_{n=m+1}^{N}\frac{\Gamma_{m}\Gamma_{n}}{2\pi i}\frac{1}{Z_{m}^{*}-Z_{n}^{*}}B_{K}(|Z_{m}-Z_{n}|)+\sum_{n=1}^{N}\sum_{m=n+1}^{N}\frac{\Gamma_{m}\Gamma_{n}}{2\pi i}\frac{1}{Z_{n}^{*}-Z_{m}^{*}}B_{K}(|Z_{m}-Z_{n}|)$
$=$ $0,$
$\frac{dI}{dt}$ $=$ $- \frac{1}{2\pi i}(\sum_{m=1}^{N}\sum_{n=m+1}^{N}\frac{\Gamma_{m}\Gamma_{n}Z_{m}^{*}}{Z_{m}^{*}-Z_{n}^{*}}B_{K}(|Z_{m}-Z_{n}|)-\sum_{n=1}^{N}\sum_{m=n+1}^{N}\frac{\Gamma_{m}\Gamma_{n}Z_{m}^{*}}{Z_{n}^{*}-Z_{m}^{*}}B_{K}(|Z_{m}-Z_{n}|))$
$+ \frac{1}{2\pi i}(\sum_{m=1}^{N}\sum_{n=m+1}^{N}\frac{\Gamma_{m}\Gamma_{n}Z_{m}}{Z_{m}-Z_{n}}B_{K}(|Z_{m}-Z_{n}|)-\sum_{n=1}^{N}\sum_{m=n+1}^{N}\frac{\Gamma_{m}\Gamma_{n}Z_{m}}{Z_{n}-Z_{m}}B_{K}(|Z_{m}-Z_{n}|))$
$=$ $- \frac{1}{2\pi i}\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}B_{K}(|Z_{m}-Z_{n}|)+\frac{1}{2\pi i}\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}B_{K}(|Z_{m}-Z_{n}|)=0.$
$M= \Gamma I-Q^{2}-P^{2}=\sum_{m=1}^{N}\sum_{n=m+1}^{N}\Gamma_{m}\Gamma_{n}L_{mn}^{2}$
$M$ $\{P^{2}+Q^{2}, I\}=0,$
$\{Q, P\}=\Gamma,$ $\{Q, I\}=P,$ $\{P, I\}=Q$ $N\leq 3$ $\alpha$
$\Gamma_{m}$ $\alpha$ $\Gamma=0$















(18) (19) $\alpha$ $\alpha\neq 0$
Oliver Shkoller[30]
$\alphaarrow 0$ (20)
$\alpha$ [1, 27, 34]
(18) $\Gamma_{1}\geq\Gamma_{2}>0>\Gamma_{3}$
$\alpha$ $L_{mn}(t)$ (15)
$\frac{d}{dt}L_{12}^{2} = \frac{2}{\pi}\Gamma_{3}A[\frac{1}{L_{23}^{2}}B_{K}(L_{23})-\frac{1}{L_{31}^{2}}B_{K}(L_{31})]$ , (21)
$\frac{d}{dt}L_{23}^{2} = \frac{2}{\pi}\Gamma_{1}A[\frac{1}{L_{31}^{2}}B_{K}(L_{31})-\frac{1}{L_{12}^{2}}B_{K}(L_{12})]$ , (22)
$\frac{d}{dt}L_{31}^{2} = \frac{2}{\pi}\Gamma_{2}A[\frac{1}{L_{12}^{2}}B_{K}(L_{12})-\frac{1}{L_{23}^{2}}B_{K}(L_{23})]$ . (23)
$A=\sigma_{123}A_{123}=\sigma_{231}A_{231}=\sigma A$
$A^{2}=r(r-L_{12})(r-L_{23})(r-L_{31}) , r= \frac{1}{2}(L_{12}+L_{23}+L_{31})$ . (24)
$|A|$ (16)







$\sum$ 1, 2, 3 cyclic
$\sum L_{12}=L_{12}+L_{23}+L_{31}$ (21) $-(23)$ (26)




1 $L_{23}^{2}/L_{31}^{2}=k$ $k_{1}$ $k_{2}$ $0<k_{1}<1<k_{2}$








$k_{1}$ $k_{2}$ $f(0)=\Gamma_{2}^{2}>0$ $f(1)=-3(\Gamma_{1}+\Gamma_{2})^{2}<0$
$0<k_{1}<1<k_{2}$ $k_{1}\leq k\leq k_{2}$
(21) –(23) (26)












$b_{1}= \frac{L_{23}^{2}}{\Gamma_{1}}, b_{2}=\frac{L_{31}^{2}}{\Gamma_{2}}, b_{3}=\frac{L_{12}^{2}}{\Gamma_{3}},$
$b_{1},$ $b_{2},$ $b_{3}$
$H_{0}$ $=$ $- \frac{\Gamma_{1}\Gamma_{2}\Gamma_{3}}{4\pi}[\frac{1}{\Gamma_{1}}\log\frac{\Gamma_{1}b_{1}}{\Gamma_{3}b_{3}}+\frac{1}{\Gamma_{2}}\log\frac{\Gamma_{2}b_{2}}{\Gamma_{3}b_{3}}],$
$H_{1}$ $=$ $- \frac{\Gamma_{1}\Gamma_{2}\Gamma_{3}}{4\pi}[\frac{2}{\Gamma_{1}}(K_{0}(\sqrt{\Gamma_{1}b_{1}})-K_{0}(\sqrt{\Gamma_{3}b_{3}}))+\frac{2}{\Gamma_{2}}(K_{0}(\sqrt{\Gamma_{2}b_{2}})-K_{0}(\sqrt{\Gamma_{3}b_{3}}))].$






$k_{1}\leq*_{\Gamma_{2}}^{\Gamma b}<1$ $1< \frac{\Gamma}{\Gamma}\perp_{b_{2}}2b_{1}\leq k_{2}$ $\alpha$














$0 b 0$$b_{1} b_{1}$
1: $(b_{1}, b_{2})$ $\alpha$ $\Gamma_{2}=1$
(a) $\Gamma_{1}=1$ (b) $\Gamma_{1}=5$
$\alpha$ $tarrow\pm\infty$ $b_{1}arrow\infty$
$b_{1}\neq 0$ $b_{2}\neq 0$




$H0$ $b_{1}arrow\infty$ $b_{2}arrow b<\infty$
$H_{0}=- \frac{\Gamma_{1}\Gamma_{2}\Gamma_{3}}{4\pi}[\frac{1}{\Gamma_{1}}\log\frac{\Gamma_{1}+\Gamma_{2}}{\Gamma_{2}(1+b_{2}/b_{1})}+\frac{1}{\Gamma_{2}}\log\frac{(\Gamma_{1}+\Gamma_{2})b_{2}/b_{1}}{\Gamma_{1}(1+b_{2}/b_{1})}]arrow\infty$ (28)
$b_{2}arrow\infty$







$L_{mn}arrow\infty$ (21) –(23) $B_{K}(x)arrow 1,$ $xarrow\infty$













$\alphaarrow 0$ (11) $\alphaarrow 0$
$t\neq 0$ $|t|/\alpha^{2}arrow\infty$ (30)




$E^{(\alpha)}(\alpha^{2}t)$ $=$ $- \frac{1}{2\pi}\sum_{m=1}^{3}\sum_{n=m+1}^{3}\Gamma_{m}\Gamma_{n}[\log\frac{l_{mn}(\alpha^{2}t)}{\alpha}+K_{0}(\frac{l_{mn}(\alpha^{2}t)}{\alpha})+\frac{l_{mn}(\alpha^{2}t)}{2\alpha}K_{1}(\frac{l_{mn}(\alpha^{2}t)}{\alpha})]$
$= - \frac{1}{2\pi}\sum_{m=1}^{3}\sum_{n=m+1}^{3}\Gamma_{m}\Gamma_{n}[\log L_{mn}(t)+K_{0}(L_{mn}(t))+\frac{1}{2}L_{mn}(t)K_{1}(L_{mn}(t))]$
$= H- \frac{1}{4\pi}\sum_{m=1}^{3}\sum_{n=m+1}^{3}\Gamma_{m}\Gamma_{n}L_{mn}(t)K_{1}(L_{mn}(t))$ . (31)
$\tau=\alpha^{2}t$
$E^{(\alpha)}( \tau)=H-\frac{1}{4\pi}\sum_{m=1}^{3}\sum_{n=m+1}^{3}\Gamma_{m}\Gamma_{n}L_{mn}(\frac{\tau}{\alpha^{2}})K_{1}(L_{mn}(\frac{\tau}{\alpha^{2}}))\equiv H+H_{K}(\frac{\tau}{\alpha^{2}})$ . (32)
$\tau$
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$b_{1}$
2: (a) $\alpha$ $E^{(\alpha)}$ $\alphaarrow 0$ $t\neq 0$
$t=0$












$F(\tau)+F(-\tau)=0$ $C^{\infty}$ $\varphi(\tau)$ $\alphaarrow 0$
$\langle D_{E}^{(\alpha)},$ $\varphi\rangle=\int_{-\infty}^{\infty}\frac{1}{\alpha^{2}}F(\frac{\tau}{\alpha^{2}})\varphi(\tau)d\tau=\int_{-\infty}^{\infty}F(s)\varphi(\alpha^{2}s)dsarrow\varphi(0)\int_{-\infty}^{\infty}F(s)ds=0,$
1 (18) (19) $\alpha$ $D_{E}^{(\alpha)}$
$\lim_{\alphaarrow 0}\mathcal{D}_{E}^{(\alpha)}=0$ in $\mathcal{D}’.$
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2 (18) (19) $\alpha$ $\mathcal{Z}_{E}^{(\alpha)}$
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